We introduce the concept of cone measure of noncompactness and obtain some generalizations of Darbo's theorem via this new concept. As an application, we establish an existence theorem for a system of integral equations. An example is also provided to illustrate the obtained result.
Introduction and Preliminaries
The measure of noncompactness concept is a very useful tool in nonlinear analysis, in particular when we deal with existence problems for functional operator equations. The measure of noncompactness concept was defined by many authors in different manners. See, for examples, Kuratowski [1] , Akhmerov et al. [2] , Appell [3] , Deimling [4] , Vath [5] , Zeidler [6] , Banaś and Goebel [7] , and Dhage [8] . For the applications of the measure of noncompactness argument, we refer to [9] [10] [11] [12] [13] [14] and the references therein.
In this paper, we introduce the concept of the cone measure of noncompactness and we establish some generalizations/extensions of Darbo's fixed point theorem with respect to such a measure. The obtained results generalize several fixed point theorems obtained recently by many authors. Next, we present an application to functional integral equations.
At first, let us fix some notations and recall some basic concepts on cones in Banach spaces. For more details, we refer to books [4, 15, 16] .
Let E be a Banach space with respect to a certain norm ‖ ⋅ ‖ E . We denote by 0 E the zero vector of E.
Definition 1.
A subset of the Banach space E is said to be a cone if it satisfies the following conditions: (K1) is a nonempty and closed subset of E. (K2) For every , ≥ 0 and ( , ) ∈ × , one has + ∈ .
(K3) For every ∈ E, one has ∈ , − ∈ ⇓ = 0 E .
(1) Given a cone ⊂ E, one can define a partial order ≤ in E by We denote by L(E) the set of linear and bounded operators on E. In the sequel, is supposed to be a solid cone of E (not necessarily normal).
Lemma 13. Let ∈ L(E) be such that
⊆ . Then
Proof. Let ( , ) be a pair of points in E × E such that ≤ . By the definition of the partial order ≤ , this means that − ∈ . Since is linear and ⊆ , we obtain − = ( − ) ∈ ; that is, ≤ .
Let be a Banach space with respect to a certain norm ‖ ⋅ ‖ with zero vector 0 . For any subsets and of , we consider the following notations: denotes the closure of . conv( ) denotes the convex hull of .
( ) denotes the set of nonempty subsets of .
+ and ( ∈ R) stand for algebraic operations on sets and .
We denote by B the family of all nonempty bounded subsets of .
We introduce the concept of the cone measure of noncompactness as follows. (ii) For every pair ( , ) ∈ B × B , one has
(iii) For every ∈ B , one has
(iv) If { } ∞ =0 ⊆ B is a decreasing sequence (with respect to ⊆) of closed sets such that ( )
is nonempty.
Remark 15.
Observe that if is a normal cone with normal constant = 1 and : B → is a cone measure of noncompactness on , then the mapping :
is a measure of noncompactness in the sense of Dhage [8] . 
For = 1, is a standard measure of noncompactness. However, for > 1, is a cone measure of noncompactness on with respect to E = R and the cone = [0, ∞) , but it is not a standard measure of noncompactness. Now, we are ready to state and prove our main results. This is the aim of the next section.
Main Results
We continue to use the same notations fixed in the previous section.
Our first result is a Darbo-type fixed point theorem with respect to a cone measure of noncompactness.
We denote by L * (E) the set of elements ∈ L(E) satisfying the following conditions: 
Then has at least one fixed point. Moreover, the set of fixed points of is precompact.
Proof. Consider the sequence {X } of subsets of defined by
By induction, we obtain easily that
Then {X } ∞ =0 is a decreasing sequence of closed and convex sets. On the other hand, we have
Take = 0 in the above inequality; we obtain
For = 1, we have
which yields from Lemma 13
Continuing this process, by induction, we obtain
Since ‖ (X 0 )‖ E → 0 as → ∞, by Lemma 10, we obtain
On the base of axiom (iv) of Definition 14, we infer that the set X ∞ = ⋂ ∞ =1 X is nonempty, closed, and convex. Since
from axiom (ii) of Definition 14, we have
Let ≫ 0 E be fixed. From (25), there exists 0 , a positive integer, such that
Using property (i) in Lemma 9, we obtain
Then by property (ii) in Lemma 9, we deduce that
which gives us from axiom (i) of Definition 14 that X ∞ is precompact; then it is compact since it is closed. Observe that X ∞ ⊆ X ∞ . Then the continuity of the mapping : X ∞ → X ∞ and Schauder's fixed point theorem give us that has at least one fixed point in X ∞ . Finally, since the set of fixed points of is a nonempty subset of X ∞ and (X ∞ ) = 0 E , on the base of axioms (i) and (ii) of Definition 14, we deduce that the set of fixed points of is precompact.
We denote by Θ the set of functions : \{0 E } → (1, ∞) satisfying the following condition: for every sequence { } in \ {0 E }, we have
We have the following result. 
(ii) There exist ∈ Θ, ∈ (0, 1), and a cone measure of noncompactness : B → such that
Then has at least one fixed point.
Proof. Let us consider the sequence {X } of subsets of defined by (18). Then {X } ∞ =0 is a decreasing sequence of closed and convex sets. If for some we have (X ) = 0 E , then by axiom (i) of Definition 14, X will be compact. Since X ⊆ X , Schauder's fixed point theorem applied to the self-mapping : X → X gives the desired result. So we may suppose that (X ) ̸ = 0 for every = 0, 1, 2, . . .. For = 0, since (X 0 ) ̸ = 0 and ( X 0 ) = (X 1 ) ̸ = 0 (from axiom (iii) of Definition 14) and then by assumption (ii), we have
Again, for = 1, we have
From (33) and (34), we obtain
Continuing this process, by induction, we get
Passing to the limit as → ∞, we obtain
which yields
By axiom (iv) of Definition 14, we infer that the set X ∞ = ⋂ ∞ =1 X is nonempty, closed, and convex. The rest of the proof is similar to the proof of Theorem 17.
Let Φ be the set of functions :
→ satisfying the following conditions:
is a nondecreasing function with respect to the partial order ≤ ; that is,
(Φ 2 ) For all ∈ \ {0 E }, the sequence { ( )} ⊂ converges to 0 E as → ∞. 
(ii) There exist ∈ Φ and a cone measure of noncompactness : B → such that
Proof. As previously mentioned, we consider the sequence {X } of subsets of defined by (18). Then {X } ∞ =0 is a decreasing sequence of closed and convex sets. In the same manner as before, we may assume that (X ) ̸ = 0 E for every = 0, 1, 2, . . . Taking into account our assumptions, for all = 0, 1, 2, . . ., we have
that is,
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Since ‖ ( (X 0 ))‖ E → 0 as → ∞, by Lemma 10, we obtain
By axiom (iv) of Definition 14, we infer that the set X ∞ = ⋂ ∞ =1 X is nonempty, closed, and convex. The rest of the proof is similar to the proof of Theorem 17. (ii) For any ( , V) ∈ × with 0 E < < V, there exists 0 < ( , V) < 1 such that
Moreover, we suppose that
Proof. We consider the sequence {X } of subsets of defined by (18). Then {X } ∞ =0 is a decreasing sequence of closed and convex sets. From axiom (ii) of Definition 14, we have
Since is a regular cone, there is some ∈ such that
In the same manner as before, we may assume that (X ) ̸ = 0 E for every = 0, 1, 2, . . . Suppose now that ̸ = 0 E . Take = /2 and V = (X 0 ); we have
Then there exists ( , V) ∈ (0, 1) such that
On the other hand, since ( , V) < 1, we have
Therefore,
which is a contradiction with ̸ = 0 E . As a consequence, we have
which implies from Lemma 8 that
The following result is a Sadovskii's fixed point theorem with respect to a cone measure of noncompactness.
Theorem 21. Let be a nonempty, bounded, closed, and convex subset of the Banach space and
: B → be a cone measure of noncompactness on satisfying the following condition:
Let : → be a mapping satisfying the following conditions:
(ii) is continuous.
(iii) For every ∈ ( ), we have
Proof. Let us denote by M the set of subsets ⊆ satisfying the following conditions: 0 ∈ , is closed, is convex, and ⊆ . Clearly M is a nonempty set since ∈ M. Set
Then X is a nonempty ( 0 ∈ X), closed, and convex set. Moreover, we have X ⊆ X. Set
We claim that X = Y. In fact, we have 0 ∈ and X ⊆ X, which yields Y ⊆ X. On the other hand, the inclusion Y ⊆ X implies that Y ⊆ X ⊆ Y. Note also that 0 ∈ Y. Then Y ∈ M and X ⊆ Y. This proves our claim. Next, from (i) and axiom (iii) of Definition 14, we obtain Journal of Function Spaces
Suppose that (X) ̸ = 0 E ; then from (iii), we have
which is a contradiction. As a consequence, (X) = 0 E , which implies from axiom (i) of Definition 14 that X is precompact, so it is compact since it is closed. Finally, by Schauder's fixed point theorem, the mapping : X → X has at least one fixed point. (ii) There exists 0 ∈ such that, for all ∈ (0, 1) and ∈ B ,
(iii) ( − ) is closed, where : → is the identity mapping.
(iv) One has
Then has at least one fixed point. Note that is well-defined since is a closed set. Using the considered assumptions, for all ∈ B , for all = 0, 1, 2, . . ., we have
Define the sequence of operators :
Clearly, we have
By Theorem 17, for all = 0, 1, 2, . . ., the operator has a fixed point ∈ ; that is, 
Passing to the limit as → ∞ and using the fact that { } is a bounded sequence, we get
Since ( − ) is closed, we deduce that 0 ∈ ( − ) . As a consequence, there is some ∈ such that ( − ) = 0 , which means that ∈ is a fixed point of .
Let 1 , 2 : → be two cone measures of noncompactness on , where is a normal cone with normal constant > 0. We define the mapping : × → × by
We endow the product set E × E with the norm ‖ ⋅ ‖ 2,E defined by
Let ≤ 2, be the partial order on E × E defined by
Observe that
We denote by L(2, E) the set of linear and bounded operators on E × E. We denote by L * (2, E) the set of elements ∈ L(2, E) satisfying the following conditions:
We endow also the product set × with the norm ‖ ⋅ ‖ 2, defined by
We are interested to study the existence of solutions to the problem: find ( , ) ∈ × such that
where is a nonempty, bounded, closed, and convex subset of and : × → , = 1, 2, are continuous mappings.
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We have the following result.
Theorem 23. Suppose that there exists ∈ L * (2, E) such that 
Then {X } ∞ =0 is a decreasing sequence of closed and convex sets. Similarly, {Y } ∞ =0 is a decreasing sequence of closed and convex sets. On the other hand, we have
Similarly, we have
Then by the definition of , we have
Using (76), we obtain
Using the properties of the operator , by induction, we obtain
which is equivalent to
Since (for = 1, 2) is a cone measure of noncompactness, we deduce that
Y are nonempty, convex, and compact sets of . Moreover, we have
Finally, Schauder's fixed point theorem gives us the desired result.
An Application to a System of Functional Integral Equations
In this section, we provide an application to study the existence of solutions to the following system of integral equations:
where = [0, 1], : ×R×R×R → R, and : ×R×R → R, = 1, 2. At first, let us fix some notations and recall some results that will be used later.
We denote by = ( ; R) the set of real continuous functions defined in . We endow this set with the norm ‖ ⋅ ‖ defined by
Then ( , ‖ ⋅ ‖ ) is a Banach space over R. Let ∈ B , where B is the set of nonempty and bounded subsets of . For ∈ and ≥ 0, set
We define the mapping Ω :
It was proved in [7] that the mapping : B → [0, ∞) defined by
is a measure of noncompactness (in the sense of Banaś and Gobel) on the Banach space . Then it is a cone measure of noncompactness on with respect to the normal cone = [0, ∞) of the Banach space E = R. Let : B × B → × be the mapping defined by
We consider the following assumption:
(A1) The functions : × R × R × R → R and : × R × R → R, = 1, 2, are continuous.
The following result is immediate.
Lemma 24. Under assumption (A1)
, for all = 1,2, the mapping maps × into ; that is,
is a well-defined mapping. 
where , , > 0 are constants.
(A3) For = 1, 2, ( , , ) ≤ (max {| | , }) ,
where : [0, ∞) → [0, ∞) are nondecreasing functions.
(A4) There exists some 0 > 0 such that
where = max{ 1 , 2 }, = max{ 1 , 2 }, = max{ 1 , 2 }, ( 0 ) = max{ 1 ( 0 ), 2 ( 0 )}, = max{ 1 , 2 }, and = max{| ( , 0, 0, 0)| : ∈ }, = 1, 2.
We denote by (0 , 0 ) the closed ball in with center 0 and radius 0 ; that is, This proves our result.
Lemma 26. Under assumptions (A1)-(A4)
, for all = 1, 2, the mapping maps continuously (0 , 0 ) × (0 , 0 ) into (0 , 0 ).
